We investigate multiple limit cycles bifurcation and center-focus problem of the degenerate equilibrium for a three-dimensional system. By applying the method of symbolic computation, we obtain the first four quasi-Lyapunov constants. It is proved that the system can generate 3 small limit cycles from nilpotent critical point on center manifold. Furthermore, the center conditions are found and as weak foci the highest order is proved to be the fourth; thus we obtain at most 3 small limit cycles from the origin via local bifurcation. To our knowledge, it is the first example of multiple limit cycles bifurcating from a nilpotent singularity for the flow of a high-dimensional system restricted to the center manifold.
Introduction
About dynamical behavior of the trajectories of threedimensional system, bifurcation of limit cycles is one of major concerns; particularly, for Hopf bifurcation of a nondegenerate equilibrium with a pair of pure imaginary roots and a negative one, many investigations have been carried out in the past decades, for example, [1] [2] [3] [4] for the three-dimensional chaotic systems, [5] [6] [7] [8] for the three-dimensional Lotka-Volterra systems, and [9] for general three-dimensional systems.
However, up till now, study on bifurcation of limit cycles from the degenerate singularity for high-dimensional nonlinear dynamical systems is hardly seen in published references. In this paper, we investigate the following threedimensional systems:
= ( , , ) ,
where , , , , , , , ∈ R ( > 0, , , ∈ N). Obviously system (1) has the Jacobian matrix at the origin as follows:
One notices that the origin has two zero eigenvalues and one negative eigenvalue and the block matrix 1 is nilpotent. From the center manifold theorem, for the system (1), there exists the center manifold: = ( , ) with (0, 0) = 0, D (0, 0) = 0, and more the flow on the center manifold is governed by /
namely,
Journal of Applied Mathematics where , , , , ∈ R ( , ∈ N). It is usually called the reduced system and system (1) is topological equivalent to system (4) in the vicinity of the origin [10] . Thus by investigating system (4), we can solve Hopf bifurcation of the origin on center manifold of the three-dimensional system (1) . At the same time, we also discuss the centerfocus problem for the flow restricted to the center manifold, which closely relates to the maximum number of limit cycles bifurcating from the origin.
As far as investigation about limit cycles bifurcation of a nilpotent critical point in planar system is concerned, it is similar to nondegenerate case that detecting nilpotent center and calculating the focal value are needed [11] . There exist some available and classical ways, for instance, Poincare return map [12] , Lyapunov function [13] , and the normal form theory [14] . At the same time, some good results on the cyclicity were obtained [11, 12, 15, 16] . Recently in [17, 18] , the authors gave an inverse integral factor method of calculating the quasi-Lyapunov constants of the three-order nilpotent critical point; it is convenient to compute the higher order focal values and solve the center-focus problem of the equilibrium. Here we extend this method's application to the three-dimensional system (1) and consider its specific example as follows:
where 0 , 0 , 1 ∈ R. The rest of this paper is organized as follows. In Section 2, the corresponding quasi-Lyapunov constants are computed and the center conditions on the center manifold are determined. In Section 3, the multiple local bifurcations at the origin for system (5) are investigated, three limit cycles from the origin are obtained, and it is proved at most three small limit cycles from the origin via local bifurcation. In this work, the system and problem are all considered for the first time.
Quasi-Lyapunov Constants and Center Conditions
In this part, we firstly investigate the singular point quantities of the origin. For the center manifold of system (5), one can determine the formal expression =̃( , ) and obtain the same form as system (4):
Furthermore, we give the definition of quasi-Lyapunov constants for system (6) and the way of computing them; more details can be found in [17] [18] [19] . 
such that
And, if
is determined by the following recursive formula:
and, for any positive integer ⩾ 6, is determined by the following recursive formula:
and, when < 0 or < 0, we have let = 0. Particularly, by choosing appropriate and number sequence { 0 } ( ⩾ 3), we can make 2 +1 ( ) = 0 and then let
Definition 2. The in (11) is called the th quasi-Lyapunov constant of the origin of system (6), = 1, 2, . . ., and more if all the quasi-Lyapunov constants vanish, that is, = 0, = 1, 2, . . ., then the origin of system (5) is a center on the local center manifold at the origin. (6) , the th focal value V 2 (−2 ) at the origin of system (6) is algebraic equivalent to ; that is, for any positive integer = 2, 3, . . ., if
Lemma 3. For system
, where is a defined constant (which is given in [17, 18] ).
Remark 4. According to Lemma 1, one sees that each in (10) is related to only the coefficients of the first − 1 degree terms of system (6). Here we determine the abovẽ( , ) only up to a tenth degree polynomial with respect to , as follows:
Journal of Applied Mathematics 3 where , = 4, . . . , 10 is a homogeneous polynomial in , of degree , respectively, (which can be seen in the Appendix); thus̃and̃in system (6) are two polynomials with degree 11. And more all , of in (9) are given definitely by the coefficients 0 , 0 , 1 (the specific is available in Email address of the corresponding author); the in (10) Applying the powerful symbolic computation function of Mathematica system and the recursive formulas in Lemma 1, and from Remark 4, we obtain the first 7 quantities as follows: 
In the above expression of each , = 7, . . . , 12, we have already let 6 
Thus from the expression (11) in Lemma 1, we have the following. 
Proof. The proof of the necessity is easy; then we omit it. Now we prove the sufficient condition; this technique derives from the method of Darboux (also see [20] [21] [22] [23] ). Obviously, if
And more we can figure out easily one algebraic invariant surface for system (18): ( , , ) = ; in fact, there exists a polynomial ( , , ) = −1, the cofactor of ( , , ),
One can observe that ( , , ) = 0 is tangent to the center eigenspace, the ( , )-plane, at the origin. Thus it forms a local center manifold in a neighborhood of the origin. From ( , , ) = = 0, we substitute it into the first and second equations of the system defined by system (18) and we have the differential equations
which is a Hamiltonian system with Hamiltonian function:
Therefore the origin is a center for systems (18) or (19) as shown in Figure 1(a) .
And if 0 = 0 = 0 in the conditions (17) holds, then system (5) has the corresponding form as follows:
Clearly, the above = 4 − 2 2 + 2 is also a first integral of system (20) ; thus the origin is a center for the flow of system (5) restricted to a center manifold.
According to Lemma 3 and Theorem 6, then we have the following. 
Theorem 7. For the origin of system (5) as a weak focus on center manifold, the highest is the fourth order and its first 4 focal values are as follows:
where, for the expression of V 4 , we have let V 2 = 0, and
Multiple Limit Cycle Bifurcation of the System
In this section, we apply the focal values obtained in last section to discuss multiple bifurcation of the equilibrium and demonstrate there exist 3 and at most 3 limit cycles. From Theorems 5 and 7, we have 
Proof. Firstly, we prove the necessity, from the expressions (16) 
Considering the conditions (22) and when 1 ̸ = 0 holds, we obtain = −(8/35) 2 1 ̸ = 0. At the same time, one can get that 4 = −(397/1890) ̸ = 0 holds. Thus we take some appropriate perturbations for the coefficients of system (6) and get the perturbed system with the following form:
where 0 < ≪ 1. According to Theorem 2.2 in [18] , system (6) has 3 limit cycles in the neighborhood of the origin; that is, system (5) has 3 limit cycles on the center manifold necessarily. One can refer to [9, 17, 18] for more details about constructing of limit cycles. And using numerical method, we get an example of one stable limit cycle for system (24) as shown in Figure 1(b) . Therefore, from the above discussion and Theorem 7, we have the following. 
Conclusions
In summary, based on precise symbolic computation, we have investigated deeply multiple limit cycles bifurcation in the vicinity of the degenerate equilibrium for a threedimensional system. Firstly by computing its quasi-Lyapunov constants, we solved its center-focus problem on center manifold; thus the center conditions are found and as weak foci the highest order is proved to be the fourth. Then we obtained that the system can generate 3 small limit cycles from nilpotent critical point and at most 3 small limit cycles from the origin via local bifurcation. For the flow of a highdimensional system restricted to the center manifold, only one interesting example of multiple limit cycles bifurcating from its nilpotent singularity was given here, but we believe that more outcomes on this problem will be shown in the near future. 
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